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Abstract. In this study, the concept of magnetically charged black hole is discussed 
through calculating the angular momentum (L) of its interaction with an electric  test 
charge. Results confirm that the angular momentum form will agree with the prediction of 
no-hair theorem and we will show that L will depend on the distance between the charge 
and the black hole. 

 
1. Introduction. 
In 1796, Laplace proposed in his "Exposition du Systeme du Monde" some speculations concerning 
astronomical observations like that a luminous star having a density as the Earth, larger than the sun with 
two hundred and fifty times in diameter, and because of its very high attraction, it doesn’t allow its light 

rays to reach the Earth. Thus, he supposed that the largest luminous body could be found in our universe 
may be invisible. After that, in the nineteenth century, black holes became one of the greatest 
astronomical concerns and this allowed the scientists at this time to find strong evidence regarding black 
holes production through the collapse of the stars after their death. In 1905, with the appearance of 
Einstein’s special relativity, it was found that the escape velocity is equal to the speed of light in the black 
holes. Few years later, Schwarzschild put the first solution describes the simplest black hole, as it 
describes the gravitational field out of a spherical mass, assuming that the angular momentum, electric 
charge, and universal cosmological constant are equal to zero. Then, comes Reissner-Nordstrm metric 
solved by Einstein-Maxwell equations could describe an electrically or magnetically charged black hole, 
and this is the metric we used in our derivation for the angular momentum of the magnetically charged 
black hole in order to be able to understand its concept. At first, we will derive the general form of 
magnetic black hole metric using Einstein field equation, and then we discuss the main features of this 
space-time, after that we will review the concept of classical Dirac’s magnetic monopole with a 

discussion about quantization of angular momentum and its relation to Dirac quantization condition. The 
No-hair theorem states that black hole could be fully described and characterized by three parameters, 
namely mass, charge and angular momentum. There are many attempts to derive the equations for 
calculating these parameters. We will stick in the present work to the Komar integral method, in which 
the calculation depends on the properties of a perturbed metric. Therefore, we will calculate the angular 
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momentum of the black hole system using Komar integral formula and then compare it to the case of 
magnetic monopole point particle. There, corrections for this quantity will be considered due to gravity 
and electromagnetism.  
   The paper falls in 4 sections, where in section 2, we start our derivation of  Reissner-Nordstorm metric 
using Einstein field equation. In section 3, we use Komar integral formula to calculate the angular 
momentum of a black hole. Section 4 contains the discussion and conclusion of our work. 

2. Reissner-Nordstorm  

We first aim to derive the general form of magnetic black hole spacetime [1,2,3], assuming that we have 
general spherically symmetric metric carrying a charge ��� = −��∝(�,�)�	� + ��
(�,�)��� + ��(��� + �������)                    (1) 

Then we use it to solve Einstein's field equation: ��� − 12 ���� = 8�����                                                         (2) 

 

with the Tμν is the energy momentum tensor written in terms of electromagnetic field tensor.  ��� = ������ − 14 ���������                                                   (3) 

 

Since we have R=0, then equation (2) will reduce to  

 ��� = 8�����                                                                         (4) 

 

Maxwell’s equations can be written in tensor form as 

 ���∇���� = 0                                                                   
∇[����] = 0.                                                            (5) 

 

We will use equation (3) to get the components of the Fμν, and show that it is spherically symmetric. 
Thus, we will have only non-zero radial component, and the electromagnetic field strength can be written 
as 

 

��� =
⎝⎜
⎛0          �(�, 	)0      −�(�, 	) 0                             00                             00                   00                  0 0 �(�, 	)�� sin(�)−�(�, 	)�� sin(�) 0 ⎠⎟

⎞                           (6) 

 

Consequently, we evaluate Ricci tensor, the result for spherical symmetric solution of Einstein’s field 

equation can be written as [1].  
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��� = [$��% + ($%)� − $�&$�%] + ��('*
)[$��& + ($�&)� − $�&$�% + �� $�&]         (7) 

��� = − -$��& + ($�&)� − $�&$�% − 2� $�%/ + ��(
*')[$�� + ($�%)� − $�&$�&$�%]       (8) 

�55 = ��
[�($�% − $�&) − 1] + 1                                              (9) 

�77 = �55���(�)                                                           (10) 

  

For the components of the energy momentum tensor using equations (5) and (6) we get: 

 

 ��� = 9(�,�):� �*�(
,�) + ;(�,�):� ��(',�)                                       (11) 

��� = − 9(�,�):� �*�'(�,�) − ;(�,�):� ��
(�,�)                                 (12) 

�55 = ���(�, 	)�2 + ���(�, 	)�2 �*�<'(�,�)>
(�,�)?                   (13) 

�77 = �55���(�)                                                               (14) 

  

Then, by solving the R components with the T components we get that: ���  =  0 and β = β(r), and since 

the electric field will be in the radial direction only, therefore, 
 &(�, 	) + %(�) = 0                                                              (15) 

 

Now, let's solve Maxwell’s equations for the form in equation (6), using the fact that ���  is time 
independent because $	��� = 0. Then: 

 

 ��� = �(�)                                                                      (16) 

 

Further evaluation of (16) gives us the relation 

 

 �(�) = ABCD�.�:                                                                    (17) 

 

and the case is similar for the magnetic charge g using the fact that it is also  time independent.  
 �(�, 	) = FG��	.��                                                                (18) 

 

Gauss flux relation can be calculated for magnetic field and for the electric field to get the constant in 
equations (17), (18). If we use g as total magnetic charge and Q as total electric charge, Then:  
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��� = 1√4� I 0              J�*�−J�*�          0          0                          00                         00                   00                   0        0            Ksin�−Ksin�                       0L                                (19) 

 

From the θθ component. Rθθ = 8πTθθ component equation we get:  
 ��' = 1 + 2�N�� + �� (�� + J�)                                                      (20) 

 

On using the last equation and equation (15) we can get the metric for the magnetically charged black 
holes as follows:  ��� = − O1 − 2�N� + ��� (��)P �	� + Q1 − 2�N� + ��� ��R*S ��� + ��(��� + �������)     (21) 

  

 

If an electric charge (e) is setting at the origin and a magnetic charge g are separated by distance d, this 
assumed to result in electric and magnetic fields as follows:  

 

 T = SUVWX Y�: �̂                                                                          (22) 

\ = 14� ��̂� �̂̂  

Now, put magnetic charge g on z-axis on distance d from electric charge e, then its location is �_̂, �̂ = � − �_̂.. Then: 
 

 �̂̂ = `(a + �)� + b� + _�                                                            (23) 

                                                                         ≈ � − de�   

 

The total angular momentum of the system is: [4,5,6]  
 

 f = SA: ∫ � × (T × \)�ha                                                                 (24) 

 

By inserting eq (23) in eq (25), we will get the same value as confirmed in [7]  
 

 f = ��                                                                                          (25) 

 

3. Conserved quantities and Komar integrals  
We can use the virtue of both Noether’s theorem and Einstein’s field equation to write an equation that 

defines the conserved quantities in stationary space-time. That work was originally done by Komar [8] 
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and Smarr [9]. In 1950, Komar introduced a method to write covariant conserved quantities. We will 
discuss this method and present the method that will be used to calculate the angular momentum of the 
black holes.  
let ζ be a killing vector of some general space-time, then we can use the killing vector equation to write:  

 
 ∇j∇^kA = �j^Aeke                                                                         (26) 

 

This will give us:   
 ∇j∇[lmo]= −�ĵkj                                                                            (27) 

 

Komar conserved quantity for general killing vector field ζ is usually defined as integral on 2 surfaces (2-
sphere for example) [ ]. 
 

 p[k] = − SqV ∫ pm                                                                       (28)D  

 
where S is any 2-surface and that integration should not depend on any particular selection of the surface 
if it contains the specific volume. Now, using Einstein’s equation and integrate on generic space-like 
hypersurface ε with two boundaries r9 and rt.  

 u �pm = 16� u Q��� − 12 ����R k����v��W                                                                                            (29)W  

 
where �μ satisfies the equation ���� = −1, and it is the normal vector of ε, and �vμ� is the volume 
element of the surface ε and if we use Stokes’ theorem with the boundaries we defined earlier, we get:  

 pwx [k] − pwy[k] = ∫ �pm = 16� ∫ (��� − S� ����)k����v��WW                       (30) 

 
From this we can deduce that for stationary axisymmetric solution of Einstein’s field equation, if we 

assume �j to be a killing vector related to the rotation symmetry. we can then define angular momentum 
as follows:  

 
 z = pD[{]                                                                               (31) 

 
If we adjust the normalization of the killing vector to require it to generate rotation at spatial infinity. 
Then, by using Stokes’ theorem, we will write the total angular momentum as follows:  

 z = 18�� u ∇�k��v��                                                               (32)W  
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The last equation would allow us to evaluate the angular momentum of the black holes, which we will do 
in the next section.  

 
3.1. Angular momentum  
The goal is to study the perturbation of Reissner-Nordstrm metric based on work of Chandrasekhar 
[10,11] due to point charge q at point r = b on polar axis θ = 0. This perturbation will induce the black 

hole-charge system to rotate. A more detailed analysis of this perturbation can be found in [12] and [13] 
that we depend on. 
If we do so, then the only non-vanishing components are:  

 �||}Y� = ~2��� �(�)h�$(� − �)$(FG�� − 1)                                               (33) 

 z}Y�B = ��V^: $(� − �)$(FG�� − 1)                                                (34) 

 

where  �(�) = 1 − ���� + ;:�:                                                                      
 
This will enter Einstein-Maxwell field equation as follows:  
 ���� = 8�<���}Y� + ���� YC?                                                             (35) 

∇����� = 4��}Y��                                                                      (36) 

 
and the fields will be up to first order of perturbation.  
 ���� = ��� + ℎ�� 

���� = ��� + ���                                                                        (37) 

����Y� = 14� -����������� − 14 ������������/                                               (38) 

 ���� = ���� − S� ������                                                                 (39) 

 
Solving equations (35), (36) with the perturbed fields gives us:  
 

 � = �̂� (�*�)(^*�)*�:ABD5' + ��̂�                                                        (40) 

 
Where V is the electrostatic potential.  
 � = `N� − J� 
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& = `(� − N)� + (� − N)� − 2(� − N)(� − N)FG�� − ������ 

 
The electric field due to perturbation is:  

 

 T�� = �^�: �N − �(^*�)>�:ABD5' � + �((�*�)(^*�)*�:ABD5)((�*�)*(^*�)ABD5)'�                      (41) 

  

 ��7 = 2�T� �� − ;:� + ;����:�                                                             (42) 

 
Using the perturbed Fμν and t-pφ component of the perturbed metric, we can calculate Komar integral as 
follows:  

 

 z = S��V� ∫ �j^Ae∇Ake                                                               (43)D  

Or we can use L(r) as angular momentum within two spheres S(r) of constants t and r  

 f(�) = SS�V� ∫ �j^Ae∇AkeD(�)                                                              (44) 

z = lim�→� f(�) 

 
L(r) can be expressed in terms of ��� and unperturbed metrics, so straight forward calculating eq (45), 
We get:  

 

 f(�) = S�� �U ee� � ��:�                                                                  (45) 

where �� is radial metric component and,  

 

 � = hU ∫ ��7 ��� ��                                                                (46)V|  

and because ��� and �� is always mixed in Einstein's field equations; we define another quantity as:  
 

  % = − h� ∫ �� ��� FG�� ��                                                          (47)V|  

We take t − ϕ component of  
 

 �j^ = �jA�̂A − S� �j^�j^�j^                                                           (48) 

and t component of  
 

 ∇j�j^ = 0                                                                                   (49) 

Then, calculate all quantities to first order ��� and �� by using the new defined quantities, we get:  
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 ee� ����: ee� �9:�:�: e�e�� − 2 �1 + �;:�: �� = *UV;�:9: ∫ ����� FG�� ��V|                            (50) 

 
where the right hand-side of the equation is equal to −2qgδ(r−b). After doing some algebraic calculations; 

this equation can be solved and by taking the limit we get the proposed angular momentum as follows:  
 

     z = �� �1 − 
(� )
(^) �� ̂ h�^*�;:h�� *�;:� − 2¡(�)�(�) ���^*�;:�� *�� ��                              (51) 

%(�) = �� − 3��� + 2��UN�  

¡(�) = 3¢(�) ∫ �£9(�£)
:(�£)tC9�                                                        (52) 

�¤ = �N + `��N� − ��� 

where we define �¤ as the event horizon radius of black hole. 

We have got the angular momentum of our system, it shows an expected dependencies. Discussing these 
dependencies and further discussing this result with the statement of no-hair theorem will be in the next 
section. 

 
4. Discussion 
The main equation that presents the paper result that we are going to discuss is equation (51).This 
equation gives us an expression for the rotation effect of magnetically charged black hole in presence of 
electric charge on a finite distance. It is obvious that this equation can be separated to two different 
contribution to angular momentum, the first is due to the electromagnetic field caused by 
magnetic/electric charge and the second is due to the different contribution of gravitational interaction 
that is zero in case of flat space-time.  

If we cancel out gravity, this is equivalent to say that � →  0 then, this confirms the claim that the 
second term corresponds to the gravity effect that will vanish in that case. This gives hint about the 
possible reason for the difference between angular momentum in flat space-time and in our black-hole 
system is that the black hole geometry has an effect on the expression that is not presented in the flat case. 
There is also a dependence on the value of distance b, simply we can see equation (51) as monotonic 
function of variable b as it is equal to �� at infinity and decreases until it becomes zero at �¤ . The infinity 
limit corresponds to the case that is equivalent exactly to the flat case. From the gravity contribution we 
can suggest that it is the cause of that b dependence, this is supported by the fact that in flat space-time the 
angular momentum is simply �� independent on b distance. We can rule out this idea by discussing the 
basic assumption we have used when deriving equation f =  �� which is that both magnetic and electric 
charges are point particles.  

If we assumed that we have a nontrivial magnetic charge distribution instead of a point particle 
monopole, then if we try to calculate the angular momentum of this system it would give us a distance 
dependence. To give a clear example to this, we are going to assume that we have a electric charge 
interacting with a non-conducting spherical shell that carries a magnetic charge. we will assume that they 
are separated with distance b from the shell center. Then, if we tried to calculate the electromagnetic 
angular momentum using the electric and magnetic fields of these objects, we will get this example which 
is a modified idea to what is done in [14] for slowly rotating charged black hole case.  

 f = �� �1 − �:h^:�     �G� � ≥ �                                                                (53) 
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 f = �� �^h�     �G� � < � 

It is obvious then that the separation b dependence comes from the nontrivial geometry of the object 
not from the gravity effect. This tells us that the nontrivial geometry of the black hole is responsible. This 
can be explained as if charge was at infinity distance from the shell, then there is no electric flux. All 
angular momentum stored outside the horizon and it is ��. If we make the charge closer to the shell then 
there is an electric flux crossing, this means that there is less angular momentum. When it arrives to the 
horizon it will eventually go to zero. This angular momentum is conserved so the black hole will start to 
rotate. This analogy between this shell example and charged black holes confirms our result. This means 
that the horizon of the black hole has a role of the shell even if there is actually no material in this region.  

When the electric charge reaches the horizon limit, we can see that all multipoles fade away except the 
monopole which confirms the conjecture of the no-hair theorem [15]. At this point the angular momentum 
stored in these fields goes to zero and the transfer of the angular momentum to the black hole which will 
have maximum angular momentum now is completed. If we want to describe this process, then we will 
have to consider the case of slowly rotating charged black hole as our new metric would be. These results 
don’t contradict with the no-hair theorem and although this system cannot be observed in nature as it is 
impossible to have astrophysical charged black-hole but it is of great interest to study this angular 
momentum transfer and how magnetically charged black hole interacting with electric charge would turn 
into slowly rotating charged black-hole which angular momentum is similar with the limiting case of 
[16].  
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